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2.1 Simulations and Endemic 

Analysis of Disease Models on 

Graphs

All Copyrights 

Dr. Natarajan Meghanathan 

natarajan.meghanathan@
jsums.edu 

Jackson State University



Assumptions and Notations
• We set a node v as part of a link u … v as 

infected in a particular round if the following are 
true:
– Node u is currently in the “infected” status

– Node v is currently in the “susceptible” status
– The random number generated for the link is less 

than or equal to the infection probability beta 

Susceptible node

Infected node

Recovered node

u v

0.175 <= beta (0.5)

u v

u v

0.775 > beta (0.5)

u v
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SIR: Example 1

• Start the simulation from a larger degree 

node that need not be necessarily the 

largest degree

Degree of a node is the number of neighbors for the node

(i.e., the number of links incident on the node)

Simulate until every susceptible node becomes infected
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Let infection time be 2 rounds = (1/µ)

Let infection probability beta be 0.5 (β)
Initialization (Round 0): 1

Round 1: 5 Round 2: 2, 6, 9
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Random numbers in the range of 0…1 generated for each link
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Round 3: 7, 10
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Round 4: 4, 8
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Round 5: 3
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Degree Nodes Round # inf.   Avg. Rounds. inf

1 9, 10 2, 3 2.5

2 6, 7, 8 2, 3 ,4 3.0

3 4 4 4.0

4 1, 3, 2 0, 5, 2 2.3

5 5 1 1.0

Node Degree

1 4

2 4

3 4

4 3

5 5

Node Degree

6 2

7 2

8 2

9 1

10 1
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Degree Nodes Round # inf.   Avg. Rounds. inf

1 9, 10 2, 3 2.5

2 6, 7, 8 2, 3 ,4 3.0

3 4 4 4.0

4 1, 3, 2 0, 5, 2 2.3

5 5 1 1.0

Node Degree

Avg. # Rounds

to get Infected Poisson
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Inference from the Plot

• The distribution of node degree Vs. the 

average # rounds it takes for a node to get 

infected appears to be Poisson in nature.

– Nodes having a larger degree (hub nodes) or 
lower degree (stub nodes, connected to hub 
nodes) are more likely to be infected earlier; 
nodes having moderate degree are infected 
later.
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SIR: Example 2

• What if we change the starting node to the 

node that has the largest degree?
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Let infection time be 2 rounds

Let infection probability beta be 0.5
Initialization (Round 0): 5
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Round 1: 1, 6, 10
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Round 2: 2, 7, 9
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Round 3: 3, 4, 8  

Degree Nodes Round # inf.   Avg. Rounds. inf

1 9, 10 2, 1 1.5

2 6, 7, 8 1, 2, 3 2.0

3 4 3 3.0

4 1, 3, 2 1, 2, 3 2.0

5 5 0 0.0

Node Degree

Avg. # Rounds

to get Infected

Node Degree

1 4

2 4

3 4

4 3

5 5

6 2

7 2

8 2
9 1
10 1
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SIS Model
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Idea
• An infected node returns to “susceptible” status after 

staying infected for the infection time (rounds) and could 
become again infected if any of its neighbors are 
currently infected and the random number generated for 
that link is less than or equal to the infection probability, 
beta.

• Proceed for 5-10 rounds and determine the number of 
rounds each node stays infected and compare this with 
the degree.

• It is possible that all the nodes (or at least a certain 
fraction of the nodes) may stay infected at the end of 
each round after a certain round. We say the network 
has entered an “endemic” state (at least one node is 
infected when we stop the simulations).
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Example 1: SIS
Random numbers generatedAll Copyrights 
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Let infection time be 2 rounds

Let infection probability beta be 0.5
Initialization (Round 0): 1
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Round 1 (Begin)
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Round 1 (End): 2, 3, 4
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Round 2 (Begin)
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Round 2 (End): 5, 6, 8
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Round 3 (End): 1, 7, 10
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Round 4 (Begin)
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Round 4 (End): 2, 3, 9  
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Round 5 (End): 4, 6, 8, 5
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Example 1: Analysis
Degree Nodes # rounds stays infected Avg. # rounds stays infected
1 9, 10 2, 3 2.5

2 6, 7, 8 4, 3, 4 3.67

3 4 4 4.0

4 1, 2, 3 5, 5, 5 5.0

5 5 4 4.0

Inference: Nodes with smaller degree are more likely to stay infected for a

fewer number of rounds compared to nodes with larger degree.

Round #        Total # Inf. Nodes

1 4

2 7

3 9

4 9

5 10

6 10
7 10

Inference:

(1) The total # infected nodes tends to increase

quickly with time and eventually all nodes

are infected.

(2) The disease could easily transition
from one cluster to another.
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Example 2
Random numbers generatedAll Copyrights 
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Let infection time be 2 rounds

Let infection probability beta be 0.2
Initialization (Round 0): 1
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Round 1 (End): 2
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Round 3 (End): 4
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Round 4 (End): 2
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Round 5 (End): 3
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Round 6 (Begin) Round 6 (End): 1
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Round 7 (Begin)
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Round 7 (End): 4, 8
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Round 8 (Begin) Round 8 (End): 3, 5

Round 9 (Begin)
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Round 9 (End): 1
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Round 10 (Begin) Round 10 (End): 2, 7
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Round #        Total # Inf. Nodes

1 2

2 2

3 2

4 2

5 3

6 3

7 4

8 5
9 5
10 5

Inference:

(1) The total # infected nodes across

the time instants tends to increase

very slowly and may tend to even remain

the same.

(2) It is difficult for the infections to leave

a cluster, especially if the starting node

is not a “bridge” node that connects two 

clusters.
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Basic Reproduction Number R0
• For the SIR, SIS and SIRS models simulated on a 

network, the basic reproduction number R0 = <k>*β/µ = 
<k>*λ, where <k> is the average degree of the nodes in 
the network and β/µ is called the spreading rate (λ) of 
the epidemic.

• We also know that an infection can spread and make the 
network to reach an endemic state when R0 ≥ 1.
– i.e., <k>*β/µ ≥ 1

– β/µ ≥ 1/<k>, for the epidemic to not die out and reach an 
endemic state.

Example 1 (SIS Model Simulation): β = 0.5, µ = 0.5, β/µ = 1 ≥ 1/<k> for any 

connected network graph. Hence, a finite % of the nodes (which is all the nodes 

in Example 1) stay infected starting from Round 5.

Example 2 (SIS Model Simulation): β = 0.2, µ = 0.5, β/µ = 0.4;

<k> =  2.8 (i.e., 1/<k> = 0.36) for the graph in Ex. 2. As β/µ = 0.4 > 0.36, we again 
see the % of the nodes to be infected to only slowly increase, and not decrease.
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Average Degree of Nodes

• The average degree of the nodes in a network 
can be calculated with just the number of nodes 
(N) and number of links (L) in the network and 

the actual network is not needed.

• This is because, for an undirected network, 
when we count the sum of the degrees of the 
nodes, each link in the network is counted twice. 

– Hence, <k> = 2L/N. 

1 2

3
45

Average degree = (3 + 2 + 2 + 3 + 2) / 5 = 2.4

Average degree = 2 * 6 / 5 = 2.4
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Example 3
• Consider a social network of 100 nodes that is 

vulnerable for an epidemic spread under the SIS model. 
If the spreading rate of the epidemic is 0.2, what is the 
maximum possible number of links you can have among 
the nodes in the network such that the epidemic will die 
down and not become an endemic?

• For the epidemic to die down, 
– Spreading rate λ < 1/<k>. 

• i.e., <k> < 1/ λ
• <k> < 1/0.2 

• <k> < 5

• 2L/N < 5

• L < 5*100/2 

• L < 250 links � max. possible number of links = 249
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SIS Endemic Analysis

• From the basic SIS analysis, the fraction of infected 
nodes is

><






−=∞=
k

timei

*

1
1)(

µ
β

• For the above equation to make sense for a network of N 
nodes, at least one among the nodes has to be infected 
in the endemic state (for the state to be called an 
endemic state).

N
k

timei
1

*

1
1)( ≥

><






−=∞=

µ
β
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SIS Endemic Analysis
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Example 4
• Consider a social network of 50 nodes with 200 links. 

Consider the spread of a contagion under the SIS model 
in this social network such that the average time it takes 
for an infection to recover is 5 days. What should be the 
minimum probability for infection across a link such that 
at least one node will remain “infected” in the endemic 
state?

><−
≥

kN

N

)*1(µ

β <k> = 2*L/N = 2*200/50 = 8.0

2.0;5
1

== µ
µ

><−
≥

kN

N

)*1(

* µ
β

8*49

2.0*50
≥β

β ≥ 0.0255

In other words, if β < 0.0255 for every link,

then the contagion will eventually die down 

and no node would have been infected as time

tends to infinity.
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2.2 Epidemic Analysis for  

Scale-Free Networks
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Scale-Free Networks

• Most real-world networks are 
scale-free in nature. 
In a scale-free network:
– The degree distribution is Pareto in nature

• Heavy tailed
– There are few, but appreciable number of hub nodes with a 

very large degree, and several smaller degree nodes 
connected to one or more hub nodes.

– The standard deviation of node degree is much 
greater than the average node degree

– Probability for finding a node with degree k is 
proportional to k-γ.

– The degree exponent γ is a critical parameter that 
decides the extent of scale-freeness. Lower the value 
of γ, more scale-free is the network and vice-versa. 

K

P(K) P(K) ~ K-γγγγ
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Scale-Free 
Networks

Example: US 
Airports Network

k

P(k)

US Airports 1997

Network
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SIS Model Behavior for 
Scale-Free Networks (2 < γ < 3)

• Θ(λ) is the fraction of infected neighbors of the 
susceptible nodes in the endemic state (i.e., the 
number of rounds t -> ∞)

• i(λ) is the fraction of infected nodes in the 
endemic state.

( ) )3/()2(

min~)(
γγ

λλ
−−

Θ k

( ) )3/(1
~)(

γ
λλ

−
i

λ = β/µ
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SIS Model for Scale-Free Networks 
(2 < γ < 3): Θ(λ) 

λ

Θ(λ)

Assume kmin = 1
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SIS Model for Scale-Free Networks 
(2 < γ < 3): i(λ) 

i(λ)

λ

Assume kmin = 1
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Example 1: Scale-Free Networks, 
SIS Model, Endemic State Analysis

• Consider the following degree distribution 
for a scale-free network and a simulation 
of the SIS model on this network with a 
spreading rate of 0.5. Determine the 
following:
– The degree exponent, γ

– The fraction of infected neighbors of the 
susceptible nodes in the endemic state.

– The fraction of infected nodes in the endemic 
state.
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Example 1(1): Scale-Free Networks, 
SIS Model, Endemic State Analysis

K P(K)

1 0.794

2 0.119

3 0.039

4 0.018

5 0.010

6 0.006

7 0.004

8 0.003

9 0.002

10 0.001

K ����

P
(K

) 
�� ��

P(K) = C*K–γγγγ
P(K) ~ K–γγγγ

where C is a proportionality constant
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Example 1(1): Scale-Free Networks, 
SIS Model, Endemic State Analysis

K P(K) lnK lnP(K)

1 0.794 0 -0.23

2 0.119 0.69 -2.13

3 0.039 1.10 -3.24

4 0.018 1.39 -4.02

5 0.010 1.61 -4.61

6 0.006 1.79 -5.12

7 0.004 1.95 -5.52

8 0.003 2.08 -5.81

9 0.002 2.20 -6.21

10 0.001 2.30 -6.91

P(K) = C*K–γγγγ

lnP(K) = lnC + (-γ*lnK) : Compared to  Y = intercept + (slope)*X;   

slope = - γ ; intercept = lnC; 

We will use curve (line) fitting in Excel to find the slope and constant

lnK

ln
P

(K
)

Intercept = lnC = –0.1873

C = e–0.1873 = 2.718–0.1873

C = 0.829
lnP(K) = (-γ*lnK) + lnC

γ = 2.7755P(K) = 0.829*K–2.7755

Y      =  C    + m*X
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Example 1(1): Scale-Free Networks, 
SIS Model, Endemic State Analysis

( ) )3/()2(

min~)(
γγ

λλ
−−

Θ k

Since for the given degree distribution, P(K = 1) > 0, kmin = 1

Given the spreading rate for the SIS model is λ = 0.5.

We just found the degree exponent γ to be 2.7755.

( ) )3/(1
~)(

γ
λλ

−
i

( )

( ) 0456.05.0

4543.4
7755.23

1

)3(

1

0912.05.0

4543.3
7755.23

27755.2

3

2

4543.4

4543.3

==

=
−

=
−

==Θ

=
−

−
=

−

−

λ

γ

λ

γ

γ

i
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Example 2: Scale-Free Network, 
SIS Model in Endemic State

• Consider a scale-free network modeled using the power-law, P(K) = 
CK-γ. Upon an analysis of the degree distribution, it was observed 
that approximately 4% of the nodes are with degree 4 and 8% of the 
nodes are with degree 3. Using the above information, determine 
the degree exponent γ and the proportionality constant C.

• Let the kmin value for the network be the smallest K value for which 
P(K) ≤ 1. Using the above results, determine the Kmin value for the 
above network.

• Assume the SIS model is simulated on the above scale-free network 
and the network has reached an endemic state with 5% of the nodes 
observed to have been infected. Determine the spreading rate λ and 
the fraction Θ of infected neighbor nodes for the susceptible nodes. 

• Using the above information and the results obtained, what can you 
say about the average degree of the nodes in the scale-free 
network? 
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Example 2(1): Scale-Free Network, 
SIS Model in Endemic State

• Consider a scale-free network modeled using the power-
law, P(K) = CK-γ. Upon an analysis of the degree 
distribution, it was observed that approximately 4% of 
the nodes are with degree 4 and 8% of the nodes are 
with degree 3. Using the above information, determine 
the degree exponent γ.

• P(K) = CK-γ� ln P(K) = lnC + (-γ)lnK

• Given that P(3) = 0.08 and P(4)  = 0.04

ln(0.08) = lnC + (-γ)ln(3) � -2.526 = lnC + (-γ)*1.098 

ln(0.04) = lnC + (-γ)ln(4) � -3.219 = lnC + (-γ)*1.386 
Solving for γ, we get γ = (3.219 – 2.526)/(1.386 – 1.098) = 2.40

ln(A*B) = lnA + lnB
ln(C*k^-y) = lnC + ln(K^-y)

Solving for C = P(K) / K–γγγγ ���� C = P(4) / 4-2.4 = 0.04 / 0.03589 = 1.1143

Solution:
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Example 2(2): Scale-Free Network, 
SIS Model in Endemic State

• Let the kmin value for the network be the smallest K 
value for which P(K) ≤ 1. Using the above results, 
determine the Kmin value for the above network.

• P(K) = CK-γ

• We have P(K=3) = 0.08 < 1.  

• Let us try for K = 2; P(2) = 1.1143 * 2-2.4 = 0.2111 < 1.

• Let us try for K = 1; P(1) = 1.1143 * 1-2.4 = 1.1143 > 1. 
Hence, K = 1 is not a possible value for Kmin.

• Hence, Kmin = 2.

Solution:
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Example 2(3): Scale-Free Network, 
SIS Model in Endemic State

• Assume the SIS model is simulated on the above scale-
free network and the network has reached an endemic 
state with 5% of the nodes observed to have been 
infected. Determine the spreading rate λ and the fraction 
Θ of infected neighbor nodes for the susceptible nodes. 

( ) 05.0~)(
)3/(1

=
−γ

λλi 6667.1
4.23

1

)3(

1
=

−
=

− γ
6667.1

05.0 λ=

ln(0.05) = 1.6667 ln(λ)

ln(λ) = ln(0.05) / 1.6667

ln(λ) = -2.9957 / 1.6667 = -1.7974

1657.07183.2
7974.17974.1 === −−

eλ
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Example 2(4): Scale-Free Network, 
SIS Model in Endemic State

• Assume the SIS model is simulated on the above scale-
free network and the network has reached an endemic 
state with 5% of the nodes observed to have been 
infected. Determine the spreading rate λ and the fraction 
Θ of infected neighbor nodes for the susceptible nodes. 

( ) )3/()2(

min~)(
γγ

λλ
−−

Θ k

( ) 4789.0)1657.0*2(1657.0

6667.0
4.23

24.2

3

2

6667.0 ===Θ

=
−

−
=

−

−

λ

γ

γ
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Example 2(5): Scale-Free Network, 
SIS Model in Endemic State

• Using the above information and the results obtained, 
what can you say about the average degree of the 
nodes in the scale-free network?

We know that for a network to reach an endemic state (fraction 

of Infected nodes > 0 as time -> ∞) under the SIS model,

the spreading rate λ ≥ 1/<k>, 
where <k> is the average degree of the nodes

We have λ = 0.1657

Hence, <k> ≥ 1/λ� <k> ≥ 1/0.1657 
i.e., average degree of the nodes <k> ≥ 6.035.
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